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3. Classical Statistical
Mechanical Simulations

Or, shortcomings of the
Metropolis method...



Partition function generates
statistical mechanical observables
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Couplings to conjugate fields
enable measurements
l

ðe.g. X=magnetization M and Y= field B
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Correlation functions
from local fields
lPromote Y to local field Yi

lPromote X to (intensive) local observable xi

lLet H contain − Σ  xiYi
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Ising model:
The mother of all lattice models
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2d FIM exhibits phase transition
lSpins aligned ⇔  

low energy
lAnti-aligned ⇔  

high energy
lLow T: ordered
lHigh T: disordered
lCritical : ( )T J

J
c = +

=
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Fig 1.1 from 
Newman & Barkema



2dFIM explicit calculation
only feasible for small L
l

l

lSounds like a job for Monte Carlo

lNote: Onsager solved 2dFIM exactly for
L→ ∞  (“thermodynamic limit”)
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First try: Metropolis sampling
with Boltzmann weights
lExample: measure magnetization
l

lUse Boltzmann weight as sampling function
ðPick a spin site at random
ðTest flip + ⇔  –
ðIf energy decreases, accept flip
ðIf energy increases, accept with

( )m
Z

m H= −∑1
exp β

µ

( )p H= −exp β ∆



Example program: 2dSpin.exe

l 100x100 spins, 0 < T < 2Tc, staggered start
l 1 Monte Carlo “sweep”=1002 flips
lCurrent configuration magnetization per

spin m shown on meter

Ctrl-Shift-SCtrl-Shift-S



Noteworthy
lLow T: ordered, large domains
lHigh T: disordered, small domains
lSimulation may start far from an

equilibrium configuration
ð“thermalization period” may be needed

lMetropolis produces highly correlated series
of measurements
ðLong “autocorrelation time”



Thermalization of Metropolis 
algorithm for 2dFIM

2 simulations of 
1002 2dFIM,
T=2.0 J (subcritical)

Fig 3.4 from 
Newman & Barkema



Metropolis algorithm exhibits
long autocorrelation time at Tc

1002 2dFIM
T=Tc

100 sweeps 200 sweeps150 sweeps

250 sweeps 300 sweeps



Autocorrelation time τ
measures evolution of MC series
lAutocorrelation function for observable A
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lDecays with “exponential autocorrelation time”
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Example autocorrelation function

1002 2dFIM
T=2.4 J (supercritical)

exponential fit yields
τ =95± 5 MC steps

noisy tail

Fig 3.6 from 
Newman & Barkema



CPU time ∝  autocorrelation time

lNaïve variance of estimate for <A>

l τ int,A governs actual uncertainty
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Finite-size effects keep τ , ξ finite

Figs 4.1-2 from 
Newman & Barkema

infinite L

finite L
2dFIM, T=Tc

Correlation length ξ vs T

Autocorrelation time τ vs T



Autocorrelation τ for 2dFIM
exhibits jump near T=Tc
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Fig 3.8 from 
Newman & Barkema



Bad news: Metropolis τ
blows up near critical point
lNear a critical point, autocorrelation time

goes as power of correlation length
τ ξint, A

zc≈
l z = “dynamic critical exponent”
lFor Metropolis applied to 2dFIM, z ≈ 2
ð“Critical slowing down”

lBut note: z depends on our algorithm



Metropolis τ  ∝  ξ 2

Figs 4.2 from 
Newman & Barkema

2dFIM, T=Tc

slope z = 2.09(6)

What to do???
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